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ABSTRACT

We show that the nilpotent class of any finite group which has only two
conjugacy lengths is at most 3. This corresponds to a result of Isaacs and
Passman for degrees of irreducible characters.

1. Introduction

Let G be a finite group. We denote by c¢d(G) and ccl(G) the sets of numbers which
occur as the degrees of irreducible characters of G and as the lengths of conjugacy
classes of G, respectively. Isaacs and Passman prove in [3] that the commutator
subgroup of any finite group G with ¢d(G) = {1,m} (m > 1) is abelian. The
conjugacy length version of this result is conjectured by Huppert (p. 445 [1]) and
Mann (p. 371 [6]}. In this paper we will prove a stronger analogous result for the
set of conjugacy lengths. The class of a group G with ccl(G) = {1,m} (m > 1)
has been introduced by Ito in [5] and he shows that the study of such groups
is reduced to that of p-groups for some prime p. Moreover, a result of Isaacs
[2] follows, that the central factor of any group of this class is of exponent p.
Therefore, any 2-group of this class is of nilpotent class 2. We show the following
theorem:

MAIN THEOREM: Let G be a finite p-group for a prime p such that ccl(G) =
{1,p™} (n > 1). Then the nilpotent class of G is at most 3.

The corollary of Isaacs’s result (Corollary 2.5 [7]) gives the following.
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CoROLLARY: Let G be a finite p-group for a prime p such that ccl(G) = {1,p"}
(n > 1). Then the commutator subgroup of G is an elementary abelian p-group.

2. Main theorem

Let G be a finite group. We define [z,y] := 7'y~ lzy and [2,y, 2] := [[z, 9], 7]

for all z,y,z € G. The finite field of p elements will be denoted by F,. The
lower central series of G will be denoted by G; < Gs < ---, namely G; :=
G,Gy = [G,G] and Gy = [G;,G] (i > 2). If ¢+ 1 is the least value of m
satisfying G,, = 1, then c is called the nilpotent class of G. The nilpotency class
of nilpotent group H will be denoted by c¢(H).

The following result of Isaacs gives some useful corollaries.

THEOREM 2.1 (Isaacs [2]): Let G be a finite group, which contains a proper
normal subgroup N such that all of the conjugacy classes of G which lie outside
of N have the same lengths. Then either G/N is cyclic, or else every nonidentity
element of G/N has prime order.

COROLLARY 2.2: Let G be a finite p-group such that ccl{(G) = {1,p"} (n > 1).
Then G/Z(G) is of exponent p.

Note that G;_17(G)/G;Z(G) is an elementary abelian p-group for 2 < ¢ <
c(G).

COROLLARY 2.3: Let G be a finite 2-group such that ccl(Q) = {1,2"} (n > 1).
Then G is of nilpotent class 2.

COROLLARY 2.4 (Verardi, Corollary 2.5 [7]): Let p be an odd prime. Let G be
a finite p-group such that ccl(G) = {1,p"} (n > 1) and ¢(G) > 3. Then Gqy-1
is an elementary abelian p-group.

Proof of Main Theorem: Suppose that p is an odd prime and ¢ = ¢(G) >
3. Then there exist y € G and z € G._2 such that [y,2] € G._1 — Z(G).
Now we put z; := [y,2], p™ = |Gc-1Z(G)/Z(G)| and G._1Z(G)/Z(G) =
(T1,%2,...,2m)Z(G)/Z(G). Note that this is an elementary abelian p-group.
We denote a coset decomposition of G by Cg(z1) as the following:

p—1
G= U uPtug? - ug" Ca(xr),

a; =0
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and ¢; = [z1,w] € Z(G) for 1 < i < n. Since G._; is a elementary abelian
p-group, |{c1,...,cn)| = p™. By Witt’s identity, we have
[y, 2, wil[wi, y, 2)[z, ui, y] = L.
Then [y, z, u;] = ¢; and we can write
[2,u,] = xf“mg” . xfn"‘w € Geq

for some fg;; € Fp (1 < i < n,1 < j < m) and some w € Z(G). We put
d; = [x;,y]; then
o] = a8

for 1 <4 < n. Therefore we have
{Ui,y, ] = ld led Biz "'dr_nﬂim

for1 <i¢<mn.
We put p® = |(c; td P d; P2 - dPimi 1 < i < n)| and pt = [{dy,da, ..., dmw)|.
Then, since

(1,02, 1Cn) C {d1yda, .. dm, o dy 0?2 o d P 1 < i <),

we have s +¢ > n. We choose I = {i1,is,...,4s} C {1,2,...,n} and J =
{1,725+ > Gt} C {1,2,...,m} such that |{c; d] ﬂ“d i d-Pmiie I)| = p*
and [(d;,,...,d;,)| = p*, respectively. Now we consider the subset

7 ’m B L S S L I Lt
U Caly)uii vrita ;]

of G. We claim that this sum is disjoint. We will show that if

L U F S A IR 31 €5 Eatl Estt
[ 0 %, T Zj, ’y] - [ui1 (U Ty Ty, ’y]’

then §; = ¢; for 1 < ¢ < s+ ¢. This equation is rewritten as follows:

fudt e, gl ) = s eSSy,
Then
gl ol G =l gl S ]G,
[} - g2, y)Gs [} -+ 57, y]Gs,
[} 9]+ [wy] s =[ut 4l [u, y]Gs,
G =l 0} - 315,
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By [G3,2] =1, we have
1 =[[us,, y]o 0 - [us,, 4] %, 2]
= ﬁ(ci—kldl‘ﬂikxdz—ﬂika . ‘d;nﬁikm)ek_ak.
k=1

By the choice of I, we have §; = ¢; for 1 <14 < s. So it is enough to verify

6s+1 6s+t

(5™ ) = g i)
Now s s
€ £
57 ey =l el

65 s F 8 8
[le ’ y] AR [l'ju y]6 +f "["I"jl > y]E AR [mjﬂ y]E *,

Os+1 Sott __ gEs+l gEs+t

djl e dj: ——djl djt ’
Sst1—E€st1 Ospt —Espt __
djx o 'dje =1.

Hence, by the choice of J, we have §; = ¢; for s+ 1 < ¢ < s+ t. Therefore our
claim now follows. Then, by |G : Cg(y)| =p™ and s +¢ > n, we have s +¢ = n.

Therefore

p—1

Vi, Y2 L Ys Vs Ysk2 Yt
U Ca(y)ug vy ---ujzi " ey, L,
;=0

is a right coset decomposition of G by Cg(y). Then we consider the following:

V1,72 0 Vs Yo+l Yek2 et
[uil Uy Ui, T Ty Zj, ’y]

for v; € F, (1 <4 < s+t). By the choice of I, if (v1,...,7s) # (0,...,0), then this
is contained in G, —Gj, or else in Z(G). Hence {[g,y];9 € G} C (G2—G3)UZ(G).
Therefore, by [y, z] = 1 € G.—1 — Z(G), we have ¢ = 3. The proof is completed.
|
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